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We study the eet of eletron-eletron interation on the transport properties of short lean quan-
tum wires adiabatially onneted to reservoirs. Interations lead to resonanes in a multi-hannel
wire at partiular values of the Fermi energy. We investigate in detail the resonane in a two-hannel
wire. The (negative) ondutane orretion peaks at the resonane, and deays exponentially as
the Fermi energy is tuned away; the resonane width being given by the temperature. Likewise,
the thermopower shows a harateristi struture, whih is surprisingly well approximated by the
so-alled Mott formula. Finally, four-fold splitting of the resonane in a magneti eld provides a
unique signature of the eet.
It is well established by now that ballisti motion
of eletrons in quantum wires results in the ondu-
tane quantization [1, 2℄. With the inrease of wire
width, the ondutane inreases by one quantum, 2e2/h,
eah time a new hannel beomes available for the
eletron propagation. The experimental observation of
the low-temperature ondutane quantization was ex-
plained suessfully within the model of non-interating
eletrons [3℄. In this model, orretions to the quantized
ondutane values ome from the eletron diration at
the edges of the wire and from thermal broadening. At
the ondutane plateaus the latter orretions are expo-
nentially small at low temperatures.
There is little reason to believe that the eletron-
eletron interations are weak in the studied quantum
wires. Nevertheless, apart maybe from the so-alled 0.7
anomaly, they apparently do not show up in the experi-
mental observations of quantized steps in the dependene
of ondutane on the wire width. The lak of the ef-
fet of interation on the low-temperature ondutane
at the rst plateau an be easily understood within the
Luttinger liquid piture [4℄ and from the fat that the
density-density interation does not re-distribute ele-
trons between the left moving and right moving speies.
Within the model of non-interating eletrons, the
thermopower is related to the derivative of the eletron
transmission oeient with respet to energy in the
viinity of the Fermi level [giving rise to the so-alled
Mott's formula, see Eq. (3) below℄. Therefore suh a
model predits zero thermopower at the ondutane
plateaus in good agreement with experiments [5, 6, 7℄.
Again, interations, if aounted for within the Luttinger
liquid approximation, does not alter this result due to the
partile-hole symmetry built into the approximation.
In this paper, we nd interation indued features in
the eletron transport of a multi-hannel wire. The fea-
tures have the form of resonanes in the dependene of
ondutane and thermopower on the Fermi energy (or,
equivalently, on the gate voltage). The origin of the fea-
tures is in the possibility of interation-indued eletron
sattering between the hannels at some spei rela-
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FIG. 1: An example of inter-hannel sattering event dis-
ussed in this paper. This sattering event beomes possible
at the Fermi level only if the ratio of the Fermi momenta of
the two hannels equals 3 : 1.
tions of the Fermi wave vetors of eletrons in dierent
hannels. These relations are determined by energy and
momentum onservation. The inter-hannel sattering
events do not neessarily preserve the number of right-
and left-movers. For example, in Fig. 1 a right and a left
mover beome two left movers. Sine the number of right
(left) movers is not onserved in this sattering event, it
hanges the partile urrent. We evaluate in detail the
orretions to the ondutane G and the thermopower
S for a two-hannel wire due to suh proesses.
We show that near the resonane point displayed in
Fig. 1, the interation-indued orretion to the quanized
value of ondutane, 4e2/h, has the form
δG =
4e2
h
L
l
ee
kBT
εF
F0
(
εF − εR
kBT
)
, (1)
where εR = (9/8)ε0, with ε0 being the dierene of the
quantized energies of the transverse motion orrespond-
ing to the two hannels, 1 and 2, see Fig. 1; L is the
wire length, and l
ee
is the eletron mean free path or-
responding to the desribed type of sattering. We as-
sume weak sattering, so the wire is suiently short,
L ≪ (εF/kBT )lee, see Eq. (12) below. The dimension-
less funtion F0(x) (given in Fig. 2 and Eq. (11)) is of
the order of unity when |x| <∼ 1 and falls o exponen-
tially at large |x|. The wire width and thus the dier-
ene εF − εR an be ontrolled eletrostatially [1, 2℄ by
a gate voltage. The shape of the ondutane dip an be
easily understood from the proess in Fig. 1. For an ex-
ess of right-movers reated by the bias voltage, it allows
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FIG. 2: The dimensionless saling funtions F0(x) and
F1(x) entering the ondutane orretion Eq. (1) and the
interation-indued thermopower Eq. (2), respetively.
for a relaxation of the right-movers into the left-moving
speies.
When the ondutane is quantized at the value 4e2/h,
the thermopower vanishes in absene of interations. A-
ounting for the interations, we nd the leading ontri-
bution to the thermopower oeient S for two open
hannels
S =
kB
e
L
l
ee
kBT
εF
F1
(
εF − εR
kBT
)
. (2)
The thermopower S is proportional to T at the maxi-
mum. Here S is onventionally dened by the relation
∆V = S∆T , with ∆T and ∆V being, respetively, the
temperature dierene at the ends of the wire and the
voltage aused by it. Again, the funtion F1(x) falls o
exponentially at |x| ≫ 1, see Fig. 2, and its analyti-
al form is given by Eq. (11). Sine S is the leading
ontribution, it is a diret measure of the inter-hannel
interation. Furthermore, sine S and δG are funtions
of (εF − εR)/kBT , measurements performed at dierent
temperatures are predited to ollapse to the two urves
of Fig. 2, when properly saled. The shape of the urve
F1(x) and in partiular the sign hange an be under-
stood in terms of allowed inter-hannel relaxation pro-
esses, as explained and illustrated in Fig. 3.
A remarkably good estimate, F1(x) ≈ (pi
2/3)dF0/dx,
an be obtained from the Mott's formula [8℄,
SM =
pi2
3
kB
e
kBT
1
G
dG
dεF
, (3)
whih is expeted to be a good approximation at low
temperatures for non-interation eletrons [9℄. There is
no a priori reason for Mott's formula to work here, as we
onsider eets of inelasti sattering. We therefore stress
that interation eets an be seen in an experiment even
without a manifesting violation of the Mott formula. (We
note though, that violation of the Mott formula has been
deteted in experiments [7℄.)
Magneti eld introdues Zeeman splitting of the ele-
tron states. This, in turn, splits the single resonane
for both ondutane and thermopower into four reso-
nanes, see Fig. 4. Two of the resonanes orrespond to
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FIG. 3: (Color online) Illustration of the dominant sattering
events on either side of the resonane, εF = εR, for a nite
temperature dierene aross the wire. Here the right movers
are old (blue) and left movers are warmer (red); for simpli-
ity we onsider µ
L
= µ
R
and T = 0 for right movers. Due
to momentum and energy onservation the sattering has to
take plae lose to εR (the dotted line). In the left panel, only
sattering of eletrons from warm to old is possible and on-
sequently an exess of right-movers is reated. In ontrast, in
the right panel this proess is bloked by a lled Fermi sea
and instead a sattering where a right mover is transformed
to a left mover prevails. This explains the sign hange of
thermopower seen in Fig. 2.
the transitions involving eletrons with the same spins.
With the inrease of the magneti eld B, splitting in
this doublet, in terms of εF, equals gµBB and oinides
with the Zeeman splitting of the quantized steps in the
ondutane (here g and µ
B
are the eletron g-fator in
a quantum wire and Bohr magneton, respetively). The
amplitude of the resonanes involving eletrons with the
same spin is smaller than the one given by Eqs. (1) and
(2) by a parameter ∝ (kBT/εF)
2
. This suppression is a
manifestation of the Pauli priniple: at T = 0 the sat-
tering proess we onsider would involve two eletrons
in the same orbital and spin state, see Fig 1. The full
form of the ondutane orretion and the thermopower
in this doublet is given below in Eq. (16). The two re-
maining resonanes form another doublet with splitting
gµ
B
B/2 at small elds, see Eq. (14) and Fig. 4 for details.
These resonanes orrespond to the transitions involving
eletrons with opposite spins and are therefore not sup-
pressed by the Pauli priniple; Eqs. (1) and (2) an be
used for an estimate of the amplitude of these two reso-
nanes. However, as seen on Fig. 4, the position of the
lower of these resonanes approah the bottom of the
spin-split band, ε0 + gµ
B
B/2, whih tends to mask the
interation-indued struture.
We thus nd that the interation-indued features in
transport properties sale with the temperature as T
or T 3. They are assoiated with eletron sattering
at energies lose to the Fermi level. This should be
ompared to the situation without interations where
nite-temperature orretions to the quantized ondu-
tane and to the zero value of S are of the order of
exp(−ε0/8kBT ), whihs stems from the exponentially
small probability of having holes at the bottom of band
2. Thus at suiently low temperatures the features we
onsider are dominant.
Next, we outline the derivation of the eletron-eletron
interaition eets on the urrent. We start from the
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FIG. 4: (Color online) Splitting of the resonane features in
ondutane and thermopower into four features as a funtion
of magneti eld B. Dashed lines represent the evolution of
the positions of single-partile peaks in the thermopower.
Boltzmann equation,
vkn∂xfkn(x) = Iknx[f ], (4)
where fkn(x) is the distribution funtion, n the han-
nel index, vkn =
1
h¯∂kεkn the veloity, and Iknx[f ] is
the eletron-eletron ollision integral. The reetionless
ontats of the quantum wire [3℄ and the shift in hemi-
al potential and temperatures [10℄ are introdued by the
boundary onditions
fkn(x = 0) = f
0
L,kn for k > 0, (5a)
fkn(x = L) = f
0
R,kn for k < 0, (5b)
where f0
L/R,kn is the Fermi distribution for the left and
right lead, respetively, inluding their temperatures
T
L/R and hemial potentials µL/R. In the absene of in-
terations (Iknx[f ] = 0), the solution to the Boltzmann
equation is simply given by
f
(0)
kn = f
0
L,knθ(k) + f
0
R,knθ(−k). (6)
Interation between eletrons yield the ollision integral
Ik
1
n
1
x[f ] =−
∑
σ
2
σ
1′
σ
2′
∑
n
2
n
1′
n
2′
∑
k
2
k
1′
k
2′
W12;1′2′
[
f1f2(1− f1′)
× (1 − f2′)− f1′f2′(1 − f1)(1− f2)
]
, (7)
where fi = fkini(x), and primes denote eletron states
after the ollision. The sattering rate W12;1′2′ is found
using the Fermi Golden rule. To nd the distribution,
we expand it powers of W12;1′2′ as f = f
(0) + f (1) + · · · .
To the leading order, we an therefore insert f
(0)
kn from
Eq. (6) into the ollision integral in the right-hand-side
of Eq. (4) to get
f
(1)
kn (x) =
[
x
vkn
θ(k) +
x− L
vkn
θ(−k)
]
Ikn[f
(0)]. (8)
The eletri urrent now follows as (with e > 0)
I = I(0) + I(1) , (9)
I(0) =
(−e)
L
∑
σnk
vknf
(0)
kn , I
(1) = e
∑
σnk<0
Ikn[f
(0)],
where I(0) orresponds to the Landauer formula for fully
open hannels, and the term I(1) is the orretion to the
urrent due to interations. To alulate I(1), we linearize
Ikn[f
(0)] in eV = µ
L
−µ
R
and ∆T = T
R
−T
L
and divide
the summation over quasi wave vetors into positive and
negative values using W12;1′2′ = W21;1′2′ = W1′2′;12, et.
[11℄. We obtain
I(1) = 2(−e)
∑
σ
1
σ
2
σ
1′
σ
2′
∑
n
1
n
2
n
1′
n
2′
∑
k
1
<0,k
2
>0
k
1′
>0,k
2′
>0
W12;1′2′f
0
1 f
0
2 (1− f
0
1′)
× (1− f02′)
[
∆T
kBT
2
(ε1 − µ)−
eV
kBT
]
, (10)
where f0i = 1/[exp((εkini − µ)/kBT )) + 1] is the Fermi
funtion. For two hannels, we nd that the only om-
bination of hannel indies, whih gives a ontribution
non-exponential in temperature, is n2 = 1 and n1 = n
′
1 =
n′2 = 2. Moreover, this ombination is non-exponential
only if the Fermi energy is within a range of kBT from εR.
An important point of the result (10) is that the number
of left and right moving eletrons has to hange in order
for the urrent to hange. In essene, this is due to the
anellation of the veloity in the distribution funtion,
Eq. (8), and in the urrent denition, Eq. (9). In fat,
the anellation an be shown to be valid to all orders
in the interation [11℄. A similar situation ours for the
Coulomb drag response [12, 13℄ of mesosopi strutures.
At low temperatures, T ≪ (εF − ε0)/kB, we an now
nd the thermopower and ondutane for both zero
and nonzero magneti eld. From Eq. (10), we obtain
the linear response urrent as I = (G
(0)
T + G
(1)
T )∆T −
(G(0) + G(1))V , where G is the ondutane and GT is
the thermo-eletri oeient. Furtermore, sine G
(0)
T ∝
e−(εF−ε0)/kBT at the plateaus [5℄ and G
(1)
T ∝ T or T
3
one obtains at low temperatures the thermopower S ≃
G
(1)
T /G
(0)
. Moreover, the ontribution to lowest order in
temperature is found by linearizing the quadrati disper-
sion and using a onstant interation in Fourier spae in
Eq. (10). For εF near εR, we nally obtain after some
algebra the zero-magneti-eld ondutane orretion,
δG = G(int), and thermopower given in Eqs. (1) and (2)
(plotted in Fig. 2). The dimensionless saling funtions
F0 and F1 are determined by
Fn(x) =
∫ ∞
−∞
dzznh(z, x), (11a)
h(z, x) =
−(2x+ z)
4 sinh(2x+ z) cosh( z2 ) cosh(2x+
3z
2 )
. (11b)
Further, in Eqs. (1) and (2) we have dened the eetive
inter-hannel eletron-eletron sattering length as
l
ee
=
2
27
2pi
k
F1
(
h¯v
F1
|V 21222k
F2
|
)2
, (12)
4where V 21222k
F2
is the eletron-eletron interation at twie
the Fermi vetor for the seond hannel (i.e., upper sub-
band) 2k
F2. Both the urvature of the eletron dispersion
relation and the momentum dependene of the intera-
tion give rise to small orretions, e.g., S(εF = εR) ∝ T
2
.
These orretions to higher order in temperature shift the
point where the thermopower oeient hanges sign,
but the overall behavior is still the same.
Magneti eld splits the resonane at εF = εR into four
points orresponding to sattering between eletrons with
idential or dierent spins. For sattering between ele-
trons with idential spins, momentum and energy on-
servation lead to resonanes ourring at (σ = ±1 =↑↓)
εσσR =
9
8
ε0 + σ
1
2
gµ
B
B. (13)
However, the features whih originate from sattering be-
tween dierent spins split up in a dierent way (σ¯ = −σ),
εσσ¯R = ε0
9 + 20σgµ
B
B/ε0 + 8(gµ
B
B/ε0)
2
8(1 + 2σgµ
B
B/ε0)
. (14)
For gµ
B
B > ε0/4 only three resonanes remain, sine
the sattering at εF = ε
↓↑
R an no longer onserve both
momentum and energy (similarly when gµ
B
B < −ε0/4
the εF = ε
↑↓
R resonane is absent).
In the regime kBT ≪ gµBB ≪ εF − ε0, the ther-
mopower and ondutane hange around eah of the
points εF = ε
σσ′
R an be found separately. The matrix
element of the interation potential
〈k1′2σ1′k2′2σ2′ |V |k12σ1k21σ2〉 =
δk
1
+k
2
,k
1′
+k
2′
L
×
[
V 2122k
1′
−k
1
δσ
1
,σ
1′
δσ
2
,σ
2′
− V 2122k
2′
−k
1
δσ
1
,σ
2′
δσ
2
,σ
1′
]
, (15)
onsist of a diret (rst) and exhange (seond) term
leading to the remarkable dierene between the reso-
nane amplitude at εσσ¯R and ε
σσ
R . The diret and ex-
hange ontributions to the sattering amplitude anel
eah other for a point-like interation and equal spins
(Pauli priniple). Finite ontributions to the transport
harateristis appear due to the momentum dependene
of the interation matrix elements (15) and are of higher
power in temperature:
Sσσ =
kB
e
6L
l′
ee
(
kBT
εF
)3
F˜1
(
εF − ε
σσ
R
kBT
)
, (16a)
δGσσ =
4e2
h
6L
l′
ee
(
kBT
εF
)3
F˜0
(
εF − ε
σσ
R
kBT
)
, (16b)
where
l′
ee
=
2
27
2pi
kF1
(
h¯vσF1
kσF1|∂qV
2122
2kσ
F2
|
)2
. (17)
The new dimensionless funtions F˜0 and F˜1 are dened
as
F˜n(x) =
1
16
∫ ∞
−∞
dzznh(z, x)
[
4pi2
3
+
1
3
(4x+ 2z)2
]
, (18)
being well approximated by F0 and F1 in Fig. 2. The
predited evolution of the resonane struture with the
inrease of magneti eld should be a good andidate for
experimental veriation of the interation eets.
In summary, we found interation-indued resonane
points in the Fermi energy in the ondutane and ther-
mopower S of a short lean multi-hannel quantum wire
adiabatially onneted to leads. The resonanes in ther-
mopower oer a way to observe the eet of inter-hannel
eletron-eletron interation and to measure its strength.
We found S to be dominated entirely by interations for
|εF − εR|/kBT
<
∼ 5 at low temperatures and to have the
saling form presented in Eq. (2). Furthermore, the ther-
mopower oeient and the ondutane develop distint
features in a nite magneti eld.
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